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Let s, denote the formal expansion of a function f in a Jacobi series truncated
after n+ 1 terms. For fe C"*'[ —1, 1] the uniform norm of /—s, is expressed in
terms of the (n+1)th derivative of f This expression is precise when
max(a, f)= —4%and when — 1 <x= < — } with n odd. For other values of x and §
an asymptotic expression for the norm is derived. Comparisons are made with the
minimax polynomial of degree no greater than n, for which it is known that
[ /= pal, =Q2%n+ 1)) /7Dy for some ye(—1, 1). ¢ 1987 Academic Press, Inc

1. INTRODUCTION
Suppose that f e C"*'[ —1, 1] and f'is approximated by s,, the (n+ 1)th
partial sum of the Jacobi series of f, given by

n

so(X)="Y @, PP (x), (1.1)

k=0

where
a,=h;' fl (1= 0)*(1L+1)? f(r) PEP(2) dt, (1.2)

and

he=[ (12 0P d

2P ko + 1) Dk + B+ 1)
CQk+a+p+ D) Ik+oa+p+ 1)k

(1.3)

with > —1 and f> —1.
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The remainder term of the approximation, r,(x), is given by

ralx) = f(x) = s,(x). (1.4)

The aim of this paper is to derive an expression for |r,| ., in terms of the
(n + 1)th derivative of f, where |r |l . =max _, . .o, Ir,(x)].

For the minimax polynomial of degree no greater than n, p, say, which
approximates f on [ —1, 1], Bernstein [2] has shown that

Iiffpnlloc:z—,,(mlf‘””(é)l, (1.5)

for some £e(—1,1).

Light [5] has investigated bounds for the norm of s,, regarded as a
linear operator on C[—1,1]. His results tend to support the numerical
evidence that, for each » and o, f> —J, the minimum of |s,| is attained
when = f= —1 A similar result is obtained in this paper for |r,| ., in
that, the form (1.5) is obtained when o = ff = —3, otherwise the coefficient
of | f"+1(&)| is greater than 1/(2"(n + 1)!).

The first step in the analysis is to derive an expression for r,(x) as an
integral whose integrand contains a linear factor g (¢) (see (2.12)). Treat-
ment of this integral depends upon whether x is such that g (1) is of con-
stant sign on (—1, 1) or g.(¢) has a zero on (—1, 1). From the first case a
lower bound for ||r,|| ., is obtained. An upper bound for |r,| ., is obtained
from both cases. When max(a, f)> —% or —1<a=p< —1 with n odd,
these two results are combined to give an expression of the form

Il o =d, £ D) (1.6)

For other values of @ and f a similar asymptotic formula, for large n, is
derived.

When s,(x) is the truncated Chebyshev series of the first kind
(x=B= —3) then d,=1/(2"(n+1)!), the same as for the minimax
polynomial.

A surprising result is that when —1 <a, f < —3 then the coefficient d,, of
the asymptotic formula is K/(2"(n + 1)!), where K is some constant between
I and /2.

2. THE REMAINDER r,(x)

Substitute a, from (1.2) into (1.1) and interchange the order of sum-
mation and integration to give

() =] (A= +0Pf(0) 3 by PEP() PPy dr. (1)
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From the orthogonality property of the Jacobi polynomials it is clear
that for f(z) =1 the above integral i1s 1. It follows that

)= =0+ 0P = F0) 3 b PR P de(22)

The Christoffel-Darboux formula for Jacobi polynomials (see [1]) is

Z h;lP}(“‘/“(t) P}j"ﬂ’(x)

P=A(1) P(“’ﬁ)(x)—P[f””(t) Pﬁﬁx)(x)

= A n+1 n , (23)
t—x
where
Ao (m+ 1) I n+a+p+2) (24)
T2 P n4a+ B+2) Mn+a+ ) M(n+p+1) '
Substitution from (2.3) into (2.2) gives
1 t)y—
= [ TOZIO e iprpeny s
1t .
— P@AN(t) PF)(x))] dt. (2.5)

Rodriguez’ formula for Jacobi polynomials (see [1]) is

(=0
T B a, “ nta .
(L= (A + 0 PPty = oS [ =" (L0 ) (26)
Hence

(1= 0*(1+ P LPEI(e) PLfYx) — PR PP(x)]

—(—1)" dn n+a "+
271 df” (1= (1 + 1) Pg(0)], 2.7)

where

f—a—t2n+oa+p+2)
2n+1)

g.(t)=Pfi(x) + PEB)(x), (2.8)

Observe that

f(t) f(x) J f((t ll+X) du. (29)



ERRORS FOR TRUNCATED JACOBI SERIES 61

On substituting (2.7) and (2.9) into (2.5) and interchanging the order of
integration, we have

(=14 ¢t/
=2 (] =
d" n+ua n+ff
x;i?[(l-—t) (1+0"*g(D] dt) du. (2.10)
Since, for 1 <k <n,
dn—k

AL +0" g (0], 11=0,

the integral with respect to ¢, in (2.10), may be integrated by parts n times
to give

1 1
rx) = [ (j (= x) k)L 1) (L 0" P (1) dt) d.
H —1
(2.11)
Applying the mean value theorem to the integral with respect to u we have

A 1
R e I AR (G LI (B L XU

(2.12)

for some uye (0, 1). This is the required integral form for r,(x).
if g .(¢) is of constant sign on (—1, 1) then application of the mean value
theorem is straightforward and an expression for r,(x) is obtainable.

However, if g () changes sign on (—1, 1) then we can only obtain an
upper bound for |r,(x)]. The two cases are treated separately.

THeEOREM 2.1.  If x is such that
—(n+ D/ (n+p+ 1)< PEAx)/PEx) < (n+ 1)/(n+a+1),

then, for some ne(—1, 1),

M Mn+a+B+2)

) o et f13)

PEE(x) £ Din). (2.13)

Proof. The condition on x implies that g.(7) is of constant sign on
(—1, 1). This is readily seen by observing that for such x, g,(—1) g.(1)=0

640/50/1-5
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and g.(t) 1s linear in ¢. Thus applying the mean value theorem to (2.12)
gives
A" ()

r) =

[ a— g (1 a, (2.14)

for some ne(—1, 1). Writing g () as
g()=(1=1)gd—=1)2+(1+1)g.(1)/2,
and using the formula (derived from [1; 6.2.1]),

244 Mg+ 1Y (b4 1)
Fla+b+2) ’

fl (1= (1+ 1) di= (2.15)

the integral of (2.14) may be evaluated to give the result (2.13). ||

THEOREM 2.2. If g =max(a, B) and x is such that
—(n+ B+ 1)/ (n+ 1)< PHA(x)/PEI(x)<(n+a+1)/(n+1),

then for some ne(—1, 1),

2”“F(n+oc+ﬁ+2)<n+q+1

L Py S Sl g

) PED 1 )], (2.16)

Proof. The condition on x implies that g (¢) changes sign on (—1, 1).
This is readily seen by observing that for such x, g (—1) g.(1)<0, and
g.(1) is linear in ¢. From (2.12) we have

A I
I gy | 1 =) o+ 0] =07 (1 1 g (1)

Applying the mean value theorem to this integral gives

4 lf"’“’(n)lfI (1= (1 + 0" Plgo)dr,  (217)

[F.(x)] <m B

for some ne(—1, 1). We note that, for re(—1, 1),

lg Dl < (1 =0)lg(=DI/2+ (1 +1)Ig(D)/2.

Hence, using (2.15), we have

[ oy g0 de
<B((n+a+ Dig(~ DI +(n+ -+ Dig (D))

SB(n+q+D(lg =D+ gD (2.18)
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where

3_22n+a+lf+11“(n+a+1)F(n+ﬁ+1)
T2n+a+p+3) '

(2.19)

Since g (—1) and g (1) are of opposite sign, then

_2nta+f+2

lg(=DI+1gN=lg=1)— g (1) |

IPEI(x)]. (220)

Combining the results (2.17) to (2.20) we recover the required inequality
(2.16). 1|

We now use these two theorems to obtain uniform bounds for |r,(x)| on
[—1, 1] and, where possible, expressions for the uniform norm of r,.

3. UNiForM BOUNDS FOR |r,(x)]

To obtain uniform bounds for |r,(x)| from Theorems 2.1 and 2.2 we first
require bounds for |P™*#(x)| on [—1,1]. Such bounds are given by, for
example, Szegé [7; Chap. 7] and Erdélyi [4; 10.18]. The form of these
bounds depends upon the values of « and f:

For g=max(a, )= —1,

[n+q+1)
@B x)| < 1)y PR —1), PER(1))=— 2 ] (3
PEP) < max((— 1) Py(= 1), P = S )
for —l<a=f< -4,
r 1 .
|PEB(x)] < [PED(0)] = ntat!) ifniseven, (3.2i)

C 2T (/2 + o+ 1)(n/2)!

N a4+ 1)/mI(n+a+1) . . ..
(o, 3) SP(:X,O() ' (n+ . .
[PEA(x)| < P&(x))| < ST T %t D= 1)2)] if nisodd; (3.2ii

)

for —l<a#f< -
| PP ()] < | PEPAx), (33)

where x, is one of the two maximum points of |P®™A(x)| closest to
(B—a)/(x+B+1).
Let m and M be defined by
m= min |f“"Y(x), (3.4i)

—1<x<1

M= max |[f“*D(x). (3.4ii)

~lsx<1



64 D. F. PAGET
We are now ready to prove the main results of this paper.

THeEOREM 3.1. If g=max{a, )= —1 then

27" ' Mn+a+p+2)M(n+q¢+2)
(m+ N I2n+a+p+3)1(g+1)

Ir(x)) < M. (3.5)

Proof. If x is such that g (7), given by (2.8), is of constant sign on
(—1, 1) then the result follows from Theorem 2.1 and the inequality (3.1).
Equality may be achieved only if /" ') is constant on (—1, 1) (otherwise,
in Theorem 2.1, m < | £ ()| < M).

If x is such that g.(¢) changes sign on (—1, 1) then the result follows
from Theorem 2.2 and the inequality (3.1). The inequality (3.5) is strict in
this case. |

CoroLLARY 3.1. If g=max(a, §)= —1 then, for some ne(—1,1),

2 Mo+ A2 Mn+q+2) 1)
ol = (m+ 10T 2n+a+p+3)I(g+1) I/ (). (36)

Proof. Since P*F(1)=I(n+ o+ 1)/ (x+ 1)n! and P*#(1)/P=F)(1)=
(n+1)/(n+a+1), then, from Theorem 2.1,

2" ' Mn+a+B+2)M(n+a+2)

> T T s a s p3) Fat )"
Similarly,
}r,,(—1)|>2"+ I'n+oa+p+2)I(n+p+2) -
(m+INTQ2u+a+p+3)I(f+1)
Thus
B L2 M ntra+ f+2) Mn+q+2)
rall e = max lrn(ux)|>(n+ O TCnt et BE ) gt o (3.7)

Using the same argument as in Theorem 3.1, equality in (3.7) may be
achieved only if /** " is constant on (—1, 1). If f”* " is not constant on
(—1, 1) then the inequalities (3.5) and (3.7) are strict inequalities and the
result (3.6) is valid for some n e (—1, 1). On the other hand if /** " is con-
stant on (—1,1) then m=f“"*Y(n)=M for all ne(—1,1) and (3.6)
follows immediately. |

An immediate consequence of this corollary is that if s,(x) is the trun-
cated Chebyshev series (o = fi = —3) then, for some ye(—1, 1),

Wl REETEST) FAGECIN
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which duplicates the result (1.5) for the minimax polynomial. This par-
ticular result has recently been given in [3], where the method was also
extended to other types of Chebyshev series.

THEOREM 3.2. If —1<a=f< —~Land N=[(n+1)/2]" then, for n odd,

(N +a+1/2)
P IN T+ a+3/2)

lra(x)] < (3.8)

and, for n even,

I(N+a+1/2) N+oa+1/2
lr,(x)] <

2HINUT(n+a+3/2) /(N+a+ 1)(N+1/2)
Proof. Both of these results follow from Theorems 2.1 and 2.2, the

inequalities (3.2), and the duplication formula for the gamma function
[1;6.1.18],

(3.9)

I2p)=n""2%="I(p) I[(p+1)2). (3.10)

The dependence on x and the possible change of sign of g (¢) on (—1, 1)
is overcome by observing that, for —1 <a< —1,

Ntoati/2_ N+a+1/2

N+a)/(N—1/2)<1.
N+172 \/(N+<x+1)(N+1/2)<\/( Ty (N=1/2) <

As a consequence we note that (3.8) is valid for all n. Also, we again note
that equality may occur in (3.8) only if f/**") is constant on [ —1,1]. |

CorOLLARY 3.2, If —l<a=B< -~} and n is odd then, for some
ne ( - 17 1 )5

r(n2+4a+1/2)
2 ((n+ )2 T(n+a+3/2)

LF D)l (3.11)

7l o =

Proof. For —l<a< —4 and n odd the maximum of | P{**)(x)| on
[—1, 1] is attained at x =0 (see (3.2i)), so that

I'ln+a+2)
Pl = | P2 ()| =
max PO = P Ol = e G D T 12 1372

whilst P**(0) = 0. Therefore, from Theorem 2.1,

r(n2+a+1)

h7all o 2 17,(0)] >2n+1((n +1)/2)! Mn+a+3/2)

M, (3.12)

! [a] denotes the greatest integer not greater than a.
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with equality possible only if £ * " is constant. The result (3.11) follows
from (3.8) with N=(n+1)/2 and (3.12). |

We have been unable to establish a similar result for even values of n.
For all other values of x and ff we have

THEOREM 33. JIf —1<u, f< —4 and g=max(a, B) then

Fn+a+p+2)
3 <2n+1 313
() I2n+a+B+3) ( )
where
. n+q+1t ,
Dn:max{lpf,fl’( n+,)1 —I’l-}-—l——“)i' ‘ﬁ)(Xn)|}

Proof.  The result follows immediately from Theorems 2.1 and 2.2 and
the inequality (3.3). |

Further results are possible utilising the asymptotic behaviour of
[P =) (x)| for large n. In the notation of Olver (6], if lim,, , . f(r)/¢(n
then f(n)~ ¢(n), which reads, f is asymptotic to ¢.

From Szegd [7, Chap. 8] we have, if —1<a, f< —1 then

|P(a/f)( )|~7T”1‘/227(1+ﬁ+1)1<((1,ﬁ)n" 1,/2’ (314)
where x’, is the maximum point of |P*#(x)| on [ —1, 1] and
K(a, p)=la+1/2] *2 Y48+ 1/2] B2 "4 (a+ B+ 1)/4| A D2 0 (315)

COROLLARY 3.3. [f —1<a, B< —% and n is large then, for some
’76(_ 1’ 1)’
_K(a, §)

srorey (3.16)

I7all o ~

Proof. The proof, using Theorems 2.1 and 3.3, follows essentially the
same line as that of Corollary 3.2, but with the maximum of |P®*8)(x)|
attained at x),, ;. Also we have used Stirling’s asymptotic formula for the
gamma function [1;6.1.397:

Tan+ b)Y~ /2n e “(an)™*+? V2 |
We note that when —1 <a=8< —1 (3.16) becomes

1

”rn“og““‘z—,;ﬁTVZ—(n_i_—I)! FASR (3.17)
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which agrees asymptotically with the exact form (3.11), valid for odd
values of » only.
Finally, it may be shown that, for —1<a, f< —3,

1<K, B)</2, (3.18)

.

(n+ 1)

so that for large n

7l e <

4. PARTICULAR CASES

The theorems of the previous section are now used to derive expressions
for |lr,| . in some particular cases. The results are contained in Table I.
Recall that s,(x) is a truncated series of Jacobi polynomials. The first
column records the name of the particular polynomial with the appropriate
values of o and f. The second column gives the quantity d, of the
expression

Irall e =l £ D),

TABLE 1
Polynomial d, d¥
- 1
Minimax m 1
1
Chebyshev Tn ((Z=ﬁ= —%) m 1
;- i
Legendre P, (¢ = =0) ?ﬁ 3/_2
. n+2 n
ChebyShCV U,, ((Z = [} = 5) m E
Ultraspherical C2 172 (2 = f)
- [(n/2+a+1) T2 +a+3/2) NCL s
¥z Tat ) Intat32)nel) = (g +1)
I(n24+a+1) L
— 1 2-x-172
I<a<—gnodd T (nt 2t 320 (1 2!
—l<a< —{ neven 2-x12
Jacobi PP (o, B> —1)
— max(z, f)> 1 24 M (nta+B+2) Mntq+2) \/1_zn‘7“/2
g=maxia, p)= = Mg+ ) I[2ntatftd)ntl) 2P (g+1)

—l<g<—3 K(x, B)
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where such an expression is valid. The third column gives the quantity &
of the asymptotic expression, for large n,

*

d
~ n (n+1)
Il iy 1 Vo

The first entry in the table is for the minimax polynomial so that com-
parisons may be made.

It should be noted that the last entry in the d¥ column is bounded by
(3.18).

From Tablel we observe that when s,(x) is a truncated series of
Chebyshev polynomials of the first kind, the expression for |r,|l., is
precisely the same form as that for the minimax polynomial. Also when
5,(x) is a truncated series of Jacobi polynomials with —1 <a, f< —1, the
asymptotic expression for ||r,||., is the same form as that for the minimax
polynomial apart from a constant multiple which lies in the interval

(1,/2).
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